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Since their iniroduciion in the early 19907,
dynamic geometry software packages such as The
Greometers  Sketchpad  (Jackiwg, 19950 have
redefined the exploratdon process. No longer
need students view a static picture of a triangle
and its three altitudes, Now they can gather a
host of data by dragging a triangle vertex and
observing thar, for seemingly every tmangle on
screen, the altitudes remain dutifully concurrent
{figure 1).
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Bur saying “seerndngly every” falls short of
conviction: mathematics requires proof. And here
dynamic geometry  often  fades  into  the
background. Having used the software 1o
convinge themselves of a theorem's plawsibility,
mathematics classes tarn 1o the traditional paper-
and-pencil medium o ponder a proof, In the
process, they create a boundary betiwveen the
computer and deductive reasoning. Must this be
the case?

Anecdoral cvidence suggests not. Software such
as  Skewchpad s sulficenily rich thar s
capabilities  reveal themselves slowly  over
repeated wse, Newcomers (0 Sketchpad may view
the software primarily as a demoensiration tool,
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suitable for reproduding classic resulis, With time,
however, there comes an almost unconscious
broadening of the software's role in ones work,
Users begin 1o notice a change in their styvle of
experimentation and reasening, The boundary
between  deductive reasoning and  dynamic
geometry becomes Murred; the software finds its
way into the proof process,
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Finpointing this change in work sivle is a siicky
affair. The role of dynamic geometry as a paniner
in problem solving and preof tends to rematn
elusise, In this article, I will attempt 1o expose
this partmérship by offering concrete examples,
showing the ways in which dymamic geomeiry
can provide not only date (o feed a conjeciure,
bt reols 1o jump-start ideas and feed a proof, Two
problems will tlustrate these software roles:

(1} the modelling and investigation of a
mechanical linkage,

{2} a geometric approach o an optimisation
prablem.

NMedalling & nkoga

Figere 2 shows a linkage {the so-called
“Pantograph  of Sylvester”) consisting of six
equal-lengih reds, Four pods comprise thombus
OBAC, and rwo rods form arms 80 and CF. An
actual model of the linkage contains pencils ar
points [ and E. Polot @ Is stationary, but hinges
at B, A, and C allow all other paris 0 mave. The
angles DBA and ACE are kept equal and ar a fixed
ineasurement by the two unlabelled rods. If vou
were o draw a picture using the pencil at pobnt
O, then what would paint E trace? Why?



Figura 2

Setting figure 2 into motion can be accomplished
by building a physical model or construcing a
dynamic geometry skeich, Both methods are fine
options; the below description explores the
dynamic geometry route. Before reading further,
try constructing a software model voursell. You'l
find that you need to apply some geometric

reasoning 0 ensure the model behaves as
specified.
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The steps below, illustrated in figure 3, offer one
possible method for modelling the lEnkage with
Sketchpad. An on-line interactive Java version Is
available a1

htipe/imembers.xoom.com/dpscher/rotator. huml

{1} Draw an arbitrary segment whose length
will determine the sides of rhombus OBAC
Draw an arbiirary angle 1o represent the
measures of £DBA and £ACE, The length
of the segment and the measure of the angle
are both adjusiable, so you'll be able 1o vary
the particulars of the linkage once ji's
complete,

(i) Drraw two arbitrary points O and A4,
Consirect circles, with 0 and 4 as centres,
having radii equal to the segment you drew
in {i). Move the poims or adjust the radius if
necessary w make the iwo circles intersect
{at points B and ). Draw segmenis
connecting &, B A4, and € o form a
rhombus. Hide the two circles.

(i) Rotate point A about point 8 anti-clockwise
by the angle you drew in {i). You'll need 1o
use the “Mark Angle’ command to do so.
Then rotate point A about point C by this
same angle, only clockwise, Draw sepments
Birand CE. The linkage is complete)

To experiment with the device, put a trace on
poinis I and E. In this particular construction,
ihe linkage is operated by dragging point A.
Figure 4 shows the result when point D draws
the lerter ‘G point E traces an exact, rotated
copy of the letter. Increasing the measure of
£LDBA and LACE sill yields duplicate images,
anly with a larger rotation,

What te Provar

The construction process above describes how [
began my own investdgation of the linkage.
Having then used Sketchpad 10 coliect
experimental data, 1 considered putting the
software aside 1o begin a paper-and-pencil proof.
What kind of evidence, if veriftable, could help to
explain why the linkage drew rotated coples? |
did not have an immediate answer to this
question. Appealing to figure 4 for inspiraton
didn*i help because without the working model
on hand it was difficuli to visualise its movement,
Perhaps the Skeichpad model coutd tell me more,
The linkage contained many moving parts. but it
was the motion of points & and £ that marttered
maost. Could 1 find a way to invesigate their
movement without contending simultaneously
with the movements of points B, 4, and €7 Draw
SERMENIS Cconnecting stationary paint @ to points
D and E {figure 5). Mow when operating the
linkage, imagine that it consisis of only two arms,
0P and OE. Observing their movement suggests
some noteworthy conjectures:

(i} the lengihs of arms 0D and OF seem to
remain equal to each other:

{ii} the angle IE seems to stay constant.



By assuming these statements were true, a
thought experiment helped me to explain the
linkages behaviour. Imagine viewing arm 05 as
it draws a picture. You'd see it comtinually change
lengih and direction. What about arm OF? Its
length would abways be equal o 28 (by (i)} and
irs direction would alwayve adjust o remain at
fixed angle DOE with respect w00 (by (ii1). 5o if
you were to videotape arm O movement arsd
compare it 0 a video of arm OF, you'd see
bdentical images by tilting your head while
viewing OF.
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Fgure &

Motice how the reasoning process here was aided
by the software, The language of the thought
experiment — stretchable segments that remain at
a fined angle as they rotate = is supported by the
vocabilary of a soltware program that makes it
natural o talk about geometric objects strerching,
shrinking, and moving,

Howy te Prevae I

With an amalysis in hand, it remained w justify
the two conjeciures from above, To prove
0 = OF, observe in figure 5 that sides 08, BD,
OC, and CE of AOBD and AOCE are all equal by
construction. As rhombus angles 084 and 0CA
are equal and £DBA was constructed equal o
LACE,

LOB = L0084 + £08A =
LOUA + LZACE = LOCE,

Thus by SAS, ADED & ADCE, implying 00 = OF,

It remained to show that £D0F staved constani.
The symmewry of flgure 5 made it almost
irresistible to add a line of symmerry through
poinis & and 4. Figure & includes that line, along
with segments D, AD. and AE. From above,
DIDE is isosceles, and by symmetry, OF is s
altitude,
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Figure &

Having added some new segments o the
construction, I turned again to the Skeichpad
madel to see how they would behave, Moving
point A4, 1 neticed that the shape and size of ABAD



Figure B

did net change, This was not cspecally surprising
@5 it two sides, 80 and B4, and their inciuded
angle, ZDBA, were constructed to remain fxed.

Triangle BAMs rigidity did not achieve any
significance until 1 experimented with several
Textreme” cases, moving poimt A towards points
0 and F, In figure 7 with point A near E angle
LB appears equal o — ODE. The 1wo angles, in

faci, coincide when point A lands on top of peoint
F. This unexpecied equality suggested a line of
proof. The measure of ZB0A is a constant for all
locations of point 4 as f1% a pazt of rigid ABAD, If
[ could show than £BR4 = 200 for all locations
of A, then this would show that Z0DF is
constant, oo, With base angles ODE and OFD of
ispsceles AODE constant, so must its third angle,
£LDO0E, be invariant,

The steps below explain how I made liberal use
of figure 8% three isosccles triangles 1o asslgn
Measurements o its angles;

(i) Let ZADF = x. Since A4DF is a right
triangle, LOAF = 90« x.

fii} Les ZDBA = 2y, Since ADEA Is isosceles,
LDAR = 90 - y (why is it casier 1o let
ZDBA = 2y rather than jest ¥,

{illy Since the three angles meeting at point A
Total 180°, £BA0 =y +x
fiv) Sioce ABAO is isosceles, ZBOA = y + x and

ZOBA = 180 - 2y - 2x,
(¥)  Since AGBD s isosoeles,
LBOD = LB = x,
(Vi) LBDA = x4+ L0DA = Z0DF (= L0DE)

Sep {vih proves ZBRM = ZODE, and thus, as
explained above, £DOF is constant. The proof is
complete! As an added bonus, figure & gives
mEDOE = 2mLD0F) = 2y = msDRA, Therefore
the amount by which the linkage rotates images
is equal to the measure of £DEA and £ACE,

At minimum, my Sketchpad use above led me to
discover that the linkage drew rotated images.
But the contributions of the software were, in
faci, more substantiai:

® [ entered the problem unaware of the
geometrc behaviour governing rotations.
With Sketchpad, I could analyse the
movement of arms 0D and OF in search of
possible clues. These pbservations jump-
started my thought experiment, explaining
why equal arm lengths separated by a fixed
angle should produce rotated images. How
easy, though, o lorget the role of the sofware
in this process. A iypical written proof might
take rotation knowledge as a given and skip
straight to the nuts-and-bolts calculations in
figure 8.



@ Deriving the angle measurements in figure §
did require me o move away from Skewchpad
to pencil-and-paper. Note, however, that the
motivation for these calculations -
demonstrating that £B04 = £ODF - came
from the intermediate resiehis of my Skewchpad
experment (sub-conjeciures), not merély
from the main rotation conjecture.

@ Having fndshed the proof, 1 retraced my steps
and examined the purpose of each linkage
arm. Soon, T started to wonder: with
Sketchpad's formidable tool base ar my
disposal, did a virtual rotator Hnkage need 1o
contain 0 many paris? Mo, With a litile effort,
I was able to constrct & Sketchpad rotator
consisting solely of arms {8 and OF. In elfect,
the software pul my understanding of the
proof to the test. Given the chance o design a
muode] freed from the constraings of physical
paris. could I extract the key aspects of the
proof and use them to build a simpler device?

The Burning Tent Preblam
The rotator described above could be built either
a5 a physical linkage or a wirtual Sketchpad
medel. In the optimisation problems described
below, Sketchpad again serves as a modelling
tool. Here, however, no simple  physical
countérpart  mimics  Sketchpad's  behaviour
exactly. As the analysis again relies on dynamic
imagery. 1 urge the reader o follow along by
visiting

et/ fmembers, xoom,comfdpscher/river.himl

and imnteracting with the on-line Java animations.
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The so-called Burning Tent Froblem staves:
You're on a carnping trip. While walking

back from a hike, you see that your tent is
on fire, Luckily, you’re holding a bucker and

I T (eenth !
’ |
¥ fyoul |
1
Figure: 10
I |
i
: T ftent)
! ¥ (you) i
I
E
—_— i
A river i
Figure 11

youre rear a river. Where along the rver
should you fill the bucke: with water 1o
minimise the wial distance 1o ger back o
wour tent, T2 (fig, 9)

Typically, this problem is salved by reflecting
point T across the rver to form T (fg. 100, Now,
any trp [rom T o the river o ¥ is equivalent 1w
travelling from T 1o the same river location to ¥,
Thus a straight-line path from T to ¥ intersects
the river at the optimeal locanion,

Another approach found in Connected Geometry
{(Education Development Center. 1999 uses
dynamic geometry software 10 solve the same
problem. Figure 11 shows an ellipse constructed
with fod at ¥ and T passing through an arbitrary
point A on the river. The ellipse represents all
points whose combined distance w ¥ and 7 s
equal in length o the trip from ¥ w 4 w T, This
particular ellipse shows that 4 iz not the optimal
river location: those polnis on the river sitiing
inside it yield shomer running distances. The best
spat for 4 can be found by dragging 4 uneil the
ellipse is tangent to the river.



Tha Cevwrgld Preblarm

Graduate students in my New York University
geomelry class explored both solution methods
above. As foliow-up homework, T assigned the
Cowgirl Froblem:

A cowgird wants to give her horse some food
and water before returning to her tent. She
starts at poing © and decides to wavel 1o the
pasture Grst, then the river, and then back 1o
her tent. What path should she take to
minimise her viding distance? (fig. 12)
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Figure 13

I anticipated that everyone would choose the
reflection method to solve this problem. One
student, however, surprised me by extending the
dynamic geometry 1echnique above to produce a
beautiful and original ellipse proof. Here's what
he did:

Place vwo points, 4 and 8, at random along the
pasture and river. These represent locations
where the cowgirl might stop with her horse.
Assume for the moment that point 4 is fixed, and
consider whether £% position might be improwved.
Construct an ellipse with [ocal poinis a1 A and T
passing through point B. Figure 13 shows that B's

ivcation s not optimal - the ellipse crosses the
rver twice. Move point B until the ellipse is
tangent 1o the river (figure 14).
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Figure 16

Mow take point B as lixed and examine point A's
location, Construct an ellipse with focal points at
B and ¢ passing through 4. Again, since the
cllipse is no1 tangent 1o the pasiire, point A
needs adjusting {fig. 15). As long as either ellipse




is not tangent, this process can be comtinped,
altermating  between A and £ cach dme
shorening the overall distance o ride. In fgure
16, both ellipses are tangent simulianeously,
vielding the optimal spots for A and B.
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As with the rotator linkage, dynamic geometry
played a pivodal role in the solution o the
Cowgirl Problem. Consider the elements of my
stedent’s proof:

® When demonstrating his solution (o our
class, my student did not need to sy,
“Imagine constructing two ellipses® or
“Imagine moving point 8.7 The model he
displayed on screen (fig, 15) was asreal asa
physical devicoe, with moving parts and
interdependent actions. The crucial difference:
the Sketchpad model could move in ways that
o physical mode] could, What might have
remained an abstract thought experiment was
converted into an interactive virtual model for
the entire class to study.

@ The reasoning displayed in my student’s
splution was quite different from the
refllection rechnique. Pinpointing the best
river location in figure 10 was a constructive
process, with a method guaranteed to succeed
in one shot. In contrast, my student’s work
with skerchpad combined a mixture of
experimentation and dedection. Picking
random locations for A and B in figure 13 and
then refining their placerents was a “guess-
and-check” wechnique, Yer driving the
refinements was a theoretical understanding
of what constituted an ideal location - two

tangent cllipses,

As [ sit now an my computer. [ am typing what is
the third revision of this conclusion, Does the
word processor propose ideas or dictate what [
write? Alas, that's stitl my responsibility. But its
Cut and Paste 1ools undoubiedly have changed
and contributed o my writing style. In a similar
manner. dynamic geometry exerts its influence
ot how we reason  mathematically, The
responsibility of constructing an aitight proaf
still rests on our shoulders, but the softwares
collection of investigative 1ools can sensitise us o

the power of experiments and models in
contributing io the deductive process.

.. me and my hoss
are tucksred out, I'll camp here
were there's water and grass
and tomewhere 1o
pltoh my tent.
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