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Int this armicle T will describe the resuls of a short
experiment I carred out with a group of wop set
Year 10 pupils, using spreadsheets w teach them
some early ideas of caleulus. In particular | was
looking for an alternate method for eaching the
idea of finding the gradient functions of various
polynamial curves. 1 felt that introducing them w
the ideas of caleulus two years carlier than is nor-
mal would be am appropriate leaming experi-
ence. This is because the mathematical concepts
required (gradients of lines, limils of sequences
and finding formulae from tables of values) were
all ideas they had met and been successful with
in the past,

One of the most appropriate technological pack-
ages for wse within a mathemarics classroom is a
spreadsheet as the programming skills necessary
to ser up simple caleulations are reduced o a
minimum. This s particularly true when the
same calculation is w be performed repeatedly. It
was this property that 1 intended the pupils 1o
use when establishing formulae for the gradients
of various curves. However, | was aware that if
“you sit a pupil in front of a blank spreadsheet for
the first time then & s very unlikely that.
progress will be made™ (English 1993} This is
hecause constructing even a very simple spread-
sheet 10 perform a task requires a great deal of
prior knowledge, like how to input formulae and
how 1o perform muliple calculations and itera-
tive procedures using [l commands. To get
pound this T first asked them 1o use some pre-
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written spreadsheets so they could see how o
operate them. Then we moved on to study how
these particular spreadsheets worked by examin-
ing the processes involved in the caleulations and
the associated symiax wsed. Once they were
familiar with the structure of spreadsheer pro-
gramming, 1 fels they were ready to try and write
some spreadshests of their own.

fefore describing my classs work T will -first
examine somée of the reasons hehind my choice
of caleulus as a topic to be 1aught using a spread-
sheet, I wanted the topic to be relatively
urnfamiliar so that the puplls would have few
preconceptions of the topic. This would enable
me o compare how quickly these pupils
assimilazed the resulis with the classes of sivth
form pupils, which I had taught in the past by a
more rigorous “chalk and 1alk” approach. [ also
wanied a topic that was academically challenging
butl possessed some simple rules that could give
success, Polynomial differentiation seemed o fit
these criteria as well as offering a methed that
matched the structure of problems that spread-
sheets are well designed to solve, It also allowed
me 1o have a way of assessing whether the pupils
had assimilared the ideas by asking them to pre-
dict what the gradient functions for different sim-
ple curves might be without having considered
those particular curves on the compuer.

Before starting 1o write spreadshects, we spent &
single classroom lesson recapping the gradient of



a straight line between two general points and
considering the way they could try 1o find the
gradient of a curve at a point. Then the class was
sed the task overnight of trying to design a suit-
able spreadsheer for the task, This umed o o
be rather difficult for many of them as it seemed
there was still some confusion about the way
spreadsheets worked and indeed over the aciual
values required o caloulate the gradient. But
once in the computer room, and with a e
promping. all the pupils soon produced a spread-
sheet, with a typical resulting spreadsheet giving
a sequence of gradients of secants 1ending 1o the
gradient of y = x* at x = 1 being shown in
Figure 1.1 asked the pupils w record their results
on a record sheet {see Figure 2) w give them a
struciure o help them to find formulae for the
gradienmt functions and to allow me 1w refer to
them quickly. After a slow start finding the gradi-
ent function of ¥ = =7, the class soon go1 1o grips
with the process and started making rapid
progress in a number of different directions,

A group of girls kept things simple in their alter-
ation of the original function by just adding a

consiant o the funcion vy = &%, (See Figure 3a
for a description by Rose.) What made their
approach interesting was that they did not just
aceept the computer generated resulls as awio-
matically correct as most of the cass had done,
Insicad they sought to jusitfy what they had
found by devising a *proof”, in this case a geomet-
rical ane, as they had been taught 1o adopt when
carrying oul investigations in previous years.

Another group quickly established a general
formula for the gradient function of x* and then
went on 1o look at adding variable numbers of x%
o the functions whose pradients they had
previously established and managed to obiain a
general formula for this, (See Figure 3b for a dis-
cussion of their resulis by Olly) Ye! another
group also established quickly the general formu-
la for " and then went on 10 look a1 constant
multiples of these functions giving a further
formula. (Sec Figure 3¢ for an explanation by
Peter.) Most of the rest of the class also managed
to obtain the same initial general formulae by the
end of the lesson and began working on
extenstons of their own

X Differencei(h) x+h flu)=xrg f{x+h)=0x+h} gradient ping xa?
1 4 5 1 25 ] 1
1 2 3 1 9 4
1 ] & 1 4 3
1 0.5 1.5 1 2.25 2.5
1 0.25 1.25 1 1.5625 2.25
1 D.125 1.12% 1 1.265625 £125
1 00625 1.0625 1 112890625 20625
1 003125 1.03125 1 106347656 2.03125
1 0015625 1.015625 1 1.03149474 2015625
1 Q007R125  1.0078125% 1 1.0568604 20078125
T 0.003920625 1.003920625 1 1.00782776 2.00390625
1T 0001925313 1.00795313 1 100397006 2007195313
1 000097656 1.00097656 1 1.00195408 2.00097656
1 000048828 1.00048828 1T 10009768 2.00048828
1 000024414 1.00024414 1 100048834 200024414
1 000012207 1.00012207 1 100024416 200012207
1 6. 1035E-05 1.00006104 T 100012207 200006104
1 3.0518E-05 1.00003052 1 1.00006104 200003052
1 1.5259E-05 1.00001526 T 100003052 2000071526
1 7.6294E-06 1.,00000763 TO1.00001526 200000763
1 3.8147E-06 1.000003817 1100000763 2.00000381
1 1.90F3E-06 1.00000197 1100000381 200000197
1 9.54E-07 1.00000095 To1.00000191  2.00000095

The values in column F are tending to the gradient of the curve at x=1w 2
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Figure 2

Druring the following day's single lesson we were
upable to use the computer room due o a
tirnetable clash and so 1 asked the class to consid-
er an algebraic justification of some of the results
they had obiained. Recalling the gencral expres-
sion for the gradient of a line between pairs of
points. I gave them the co-ordinates of two
points on y = x°, mamely (% v and ({x + h),
ix + M%), I noted that & represented the differ-
ence between the x-values of the points and that
i had been one of the columns of their spread-
sheet; 1 then walted to sec what oecurred. ]
hoped that they would remember from the
spreadsheets they had written the day before that
the valhues in this column had been halving each
time ard that they had decided upon their
answer for the gradient at a particular poing by
looking at the limit of the sequence of gradients
as the difference in x co-ordinates approached
zero, Most were able to do so and realised that
this meant that the value of # in the algebraic
expression would need to approach zere for the
gradient of the line 1o approach the gradient of
the curve at the fixed point (x). Also some pupils
succeeded in going on and explaining algebraical-
by the more complicated result for the gradient of
¥ = x" {sce Figure 4 for an explanation by Tim)
which involves realising thas any term multiplied
by # can also essentially be ignored in the final
answer as k is approaching zero,
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Figure 3a Rose's work
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Figure 3z Olly's work

Figure 4 Tim's work

As the first computer based session had gone so
well and seme groups had made so much
progress, [ was “foroed” w set some much more
“complicated” funcions for comsideration in the
second session, namely 1/x and x*% Because the
gradient of these curves at integer values of x
does not come oul 45 an integer, this meant that
the pupils now had the more complex ask of
identifying which decimal a panicular sequence
of decimals was tending o and then finding the
associated fraction. This proved w be much maore
time consuming and indeed it was only when 1
suggested limiting the values of x being used o
consider ' to square numbers that any signifi-
cant progress was made. (See Figure 5 for the
results of Tim) An interesting point about the
results for these funaions is thar no-one, even
after obtaining the correct formulae, seemed 10
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Figure 5 Tirr's results

make the link with the general formuata they had
abtained previously for x7. In fact the more usual
eomment, as seen in Figure 5, was that the for-
mulae they obtained did not match the previous
pattern. This, | discovered when [ questioned one
pupil more closely, was mostly due o a confusion
over the equivalent use of multplying by a frac-
tion and dividing by a whole number in the case

of '™ and a lack of thought in the case of Lz as

once one formula did not, so they thoughe, {it the
pateern they did not look too closely at the ather.
The final problem I set was to take the basic ideas
further by considering simple examples of the
chain mole, namely {Zeel)®. The results from
Katherine {(shown in Figure &) are very interest-
ing as they show clearly how she went about
findimg her formulae, by simplifying original
results through factorization and then noticing
formulae for the factorised expressions.

The main difficulties I found in working with
computers (o study initial calculus were matters
of logistics. The computer room in which we
wiere working contains only 16 machines and so.
as my group contains 30 pupils, there wene
usually two people to a machine. This in iself is
not a disadvantage, encouraging as it dows math-
ematical conversation and imterchange of ideas
between the pupils. However, [ fell that because
the cramped environment made it hard for me o
circulate freely, some pupils were allowed 10
avold engaging fully in the activity.
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Figure & Results from Hathrine

Hawing said this, the amount of learning thar this
project produced for most pupils in such a shor
period staggered me, After only two sessions, the
entire group were able to predict with toral confi-
dence gradient funoions for any polynomial
fumction T cared to mention and many had pro-
gressed beyond thar, Whether the resulis swill be




remembered in the foture and whether the
pupils will use their results in a non-computer
based situation is another question but the speed
with which they established resulis was amazing.
Indeed the pupils seemed much quicker in spot-
ting formulae for individual cases and for the
general algebraic results than I had noticed previ-
ousky when carrying out investigations in class.
The speed with which the computer was produc-
ing results for them seemed o make therm want
1o think harder abour the problem so they could
obiain formulae quickly and mowve on, 1 think the
very open nature of the problem allowed some
pupils really 1o accelerate their own learning, The
quickness with which my pupils were able 1o
make generalisations matches what Tall (1985a)
found in kis study of methods of introducing dif-
ferentiation although he vsed an entirely graphi-
cal approach with the compuier. Anoiber reason
I think the group managed 1o grasp the concepls
of calculating gradient fenclions so rapidly was
that they were not being confused by any type of
new notation and so were {ree 1o experiment.
This echoes the sentiments of Oron (1985) who
theorised that carrying ouwt experiments of this
wwpe would lead to general pringples being dis-
covered without “elaborate symbolism®™ being
introduced oo early. However, David Tall has
pointed out (Tall. 1965b) that when removing
possibly confusing notation like dyfdx from the
beginning of a caleulus course until initial under-
standing of the mechanical processes of calculat-
ing gradients of curves is oblained, it is vital tha
understanding of the notation itsell and how it is
linked o the quotien: it represents 1s established
as spon as possible afier this. This would be my
next step, were [ o continue teaching caloulus to
this group of pupils.

The speed at which the majority of the pupils
grasped the ideas of gradient functions and the
ritles for their calculation in the case of polyno-
mial functions makes me feel thar this meihod
for teaching initial dillerentiation bhas many
advantages. 1 would like 1o think that when 1
carry oul the same process with a much smaller
A-level group and link it to the wsual theoretical
work and practice and applications of the con-
cepis, the students will realise that the ideas
being covered are vital o them at that moment
and not, as was the case with my Year 10 group,
at some unspecified tme in the future, and
the performance acoss the group will be more
consistent.
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