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Formalism and proof in

mathematics education

For most of the twentieth cenmry, the philosophy
of mathematics has been dominated by a formalist
view of the foundations of mathemaiics, According
o this view. mathematical objects = sers, numbers,
geometrical shapes and so on - exist only in a
formal sense: they are the strings of symbals which
denowe and define them. Of course, these formal
things can be used o model the real weorld: and
such mathematical models give us a lot of power.
both te understand the world better and o deal
with ir. Bur mathematics itself has no being beyond
its [ormal representation: there is no Platonist
universe in which abstractions exist.

Oddly enough, mathematicians belave as if abstrac-
tions have some external reatity, They explore
structures, nembers and geometrical configurations,
and appear w0 make new discoveries through this
exploration. On the face of it there does not seem
to be a great deal of dilference between, say, the
discovery that Uranus and Nepune have lots of
satellites and the discovery that a particular set of
large numbers are all prime,. Astronomers. how-
ever, will reassure us that the moons really are out
there somewhere, On the other hand, mathermsati-
clans when pressed ane more likely 1o retrear imo
formalism: these numbers are ne more than
symbaols - and their properties and relationships are
all given to them through our axioms and
definitions, Theorems are just logical tavtologies,
obtained from axioms and definitions by specified
rules of inference.

It has to be like this, After all, # we start crediting
abstractions with existence, we are on the way 1o
putting them in some mystical environment optside
pur physical universe — and we can hardly have
that, can we? Something of this dilemma is cap-
tured by Davis and Hessh [11, who write that ‘ihe
typical working mathematician is a Plaionist on
weekdays and a formalist on Sundays’,

The wpical mathemarics teacher, however, is in an
almost directly opposite position. Preguently, class

ToOIm activity suggests that mathematics is being
treated as a purely formal activity, A lot of scheol
mathematics appears 1o involve the manipulation
of strings of symbols. The rules of this manipulation
cant be learned and applied, without meaning being
attached o the results.

Yei, despite appearances, formalism is educational
heresy, Teachers befieve in {and are commited to)
things called ‘concepts’, which lie behind the
formal langoage and symbolism. Take, for example,
the topic of area, Lessons may invelve calculating
fors of areas, and learmning methods and formulae
refating 1o these calewlations. Bur most teachers
would argue that it s more important for pupils o
understand what area iz and this i the philo-
sophical giveaway. Area is a concepr: it has an
exisience beyond the caleulations and the manipu-
laion of symbols. It &5 here that teachers part
company so radically with the Davis and Hersh
description of mathematics: tcachers may behave
ke formalists 2 loi of the rime bur their philo-
sophical standpoint is doser to Platonism,

When it comes o proof in mathematics education,
howewver, the emphasis is all on formalisme. The
only genuine proof s a lormal prool This is all
about writing symbols in a precise and standard
order, about imposing a logical, consistent structure
on the whote of mathematics. There are of course
weachers who will argue that proof is a personal
matter or that il is very dependent on cultere ard
context; bud it is hard wo find good examples of this

phitosophy in practice,

The formalist agenda of tweniieth century mathe-
matics has been enormously powerful in promoting
the systematisation of mathematics into a standard
deductive structure. In his own introduction o
Proofs and Refutations, Lakatos [2) expressed it like
this:

it frequently happens in the Ristory of thowght thar when
a povwerfid mew method emerges the study of thase
problems witich can be dealt witi by the new method
advances rapidly arnd airacts the lmelight, while the rest



tertes to b fgnored or evew forgotten, s stidy despised.

If this starement were writtenn out of comext, by
itselfl on the page, we would be unlikely to guess
correctly what it is ralking about, It feels a lot more
like a statemem about computers than abour for-
malist philosophy. 50 here is an unexpected
parallel. Computers provide a poweriul new way of
dealing with mathematics, For most of this century,
a Jormalist programme has had comparable
jalthough very different} power. The place of proof
in the formal sirecture has been relatively clear. So
what difference do computers make?

The logical formalist approach is entirely synuhetic.
it disconnects mathernatics from its history and is
psychology, It presents, orders, develops and jusu-
fies mathematical knowledge in a systematic way,
which is guite different from the way in which thar
knowledge was created historically and the wav in
which it is leamned. This approach imposes a
detailed structure on mathematics, It makes it
almost fmpossible {or the iearner 1o construct
proofs rather than simply learn them, because the
place of any result in the mathematical kierarchy i3
so tightly constrained. Yet we know very well that
siundenis and even young children can apprecare
proeof and argue deductively. Such proof has litle 1o
de with formal systematisation: it is about how you
know something is always wrue, and how vou
convinee youriell and other people.

Lakatos offers a model of proof as a ‘thought-
experiment”.  This is am  anciemt pamern  of
mathematical proof, known in pre-Euclidean Greek
mathematics as detlorymn. The detailed illusiration in
Proafs and Refrations is the relationship V+F-E = 2,
relating the vertices, edges and faces of a poly-
hedron. How might we develop this theorem? Well,
first we fook at a few particular poivhedra, count
their vertices, faces and edges and formulate a rale
conneciing these, Ther we think up a thought-
expenment o justify the rule in general.

This is the thought-experiment. We take hold of
our palvhedron and make a haole in one of its faces.
Now, we pull and streich out ithe hole umil the
polyhedron is flattened owt inte a network, Next
wie trianguiate this network, and then we dismamle
i1, ome arc at a vime, wmi we get down 1o a single
triangle. All the time, we have to check that these
progesses do not change 1he value of V4F-E,

There are two things to say abour this proof. One is
that ft 15 accessible. It needs explanation and

thinking abowt, bur it s inmitve and self-
comtained. It dovs not depend on lots of axioms,
lemmas, theorems and rules of inference. The
second imporiant comment is that this result is nog
obvicus 1o start with. It needs a few particular
examples (o make il plavsible, and then the need
for a general proal is easy o appreciate. This
combination of non-obviousness and accessibility
makes the result worderfil,

The ward is chesen carefully, At the 1994 ATM
conference.  Johnston  Anderston  condected  a
discussion  on the seven wonders of the
imathematical) world, The F&V-E = 2 formula was
not voted into the seven, but it was mentoned.
And It was clear that the suggested criteria for
wonderfulness were being wsed. For example, the
unique  factonisation theorem  [orf inlegers into
primes was not a candidate: it does not seem to
need proof, It is obwvious that you can break down
any imeger uniguely in this way, and the proofs
usually offered are less comvincing than inmeition,
On the other hand, the infinitude of the prime
numbers & wonderful. It is not abviows = indeed it
is In some ways counter-infuitive = but the prool is
simple and accessible. Well, fairly  accessibie
anyway. The only possible stumbling biock &5 the
ruie of inference which allows proof by contra-
diction: the proof is uswally presented in this way.
We'll return to this question later.

Justification and proof in computer

micro-worlds

In secondary schools, the use of Logo to produce
polygons is a familiar task. Commonly the turtle
moves forward all round the polygon, so that the
focus of attention is the turning or exterior angle at
each vertex. It is a very simple matter 10 see that
these must add up to one complete turn, As an
approach to the fmerior angies this is somewhat
indirect. To show, for example, that the angles of a
trangle add up to a half-turn by this method is a
bit contrived, alchough it is probably more access-
ible than a proof based on constructions amd
properiies of parallel lines, which realiy belongs 1o
tie formal Buclidean sysiem.

Of course there is no real reason why the twms
should nov be the interior angles, But there is
something about the image of the wnle which
makes this seem unnatural. To get round the
riangle wrning through interior angles, the poor
turtle has to ceawl up 1o the s vertex, then swing



its backside through the interdor angle before back-
ing along the next side. On the other hand, this
startling thought-experiment doss make it very
clear that the wtal tem through the three interior
angles is half a complete turmn.

Similar perspectives can make other geometrical
relationships, such as the properties of aliernate
and corresponding angles, very obvious, One of the
challenges of using computers in mathematics edu-
cation Is to create micro-worlds which make this
obwviousness accessible,

Tt s unsurprising that a computer graphics faclity
should generate a particular kind of geemectrical
prool. After all, its purpose s vo explore the prop-
erties of shape. and the features of the specilic
micro-world encourage certain forms of thought-
experiment. It is a little more difficult to apply these
ideas 1o properties of numbers. Suppose, for
example, we want to make the infinitude of the
prime numbess obvious and accessible, As present-
ed in most text-books, the standard prool deperds
on reductie ad absurdem. A useful exercise is
produce a constructive proof. In computer rerms,
we want to write a precedure {maybe in Logoe or in
some other programming language) which will
contnue 10 generane new primes.

0f course it is not all that difficult o wrie a
progeam which checks numbers for divisions and
prints out a list of all the primes in order as far as is
required, But this begs the question. We know that
primes will keep churning out only because we
know that there are infinitely many of them any-
way. What we want is a recursive procedure which
will always and obwiously produce another prime
within a finite (speciliable} number of steps,

There are plenty of ways to tackle this, One way is
to capture the spirit of the classical proof by acce-
mulating a list of primes pl, ... pr and producing
the next one by caleulating pl p2 .. pr + 1 and
obtaining s smallest prime factor by division. If we
start this sequence with 2, ir becomes:

2,3, 7,43, 13,53, ...
(because 13 = 1807 + 139 and 53 = 23479 + 443}

Staming with 3 {or 7) makes no difference:
3,2, 7,43, 13, 53, .. 7.2,3,43 13, 53, ...

But starting with 5 gives:
502 00,3, 330 0%...,

These sequences do not contain &l the primes {at
least T don't think they do), but they are infinite
sequences of primes, in which each new term is
generated in a clearly fnive number of steps,

As a computer algorithm for generating primes,
this procedure has some disadvantages. Never-the-
less, it is worth consideration and investigation. We
know that there are infinitely many primes
because of a subtle picce of diateetic: for these who
appreciate such logie, this may be cxciting, bt
masny simply learn about it and have mo furiher
use for it. The aclivity suggested here is a way of
establishing ownership of this knowledge. and of
developing Individual alernarive formulations of
the proof.

It may be helplul 1oy to find some metaphor or
imagery. to understand the function of the com-
puter and the micro-world it provides, in doing
mathematics and working on  mathematical
proof,

In some sense, a micro-world is a meo-Platonist
universe. It is a place where geometrical shapes,
numbers and other mathematical entities exist in
their own right. and can be explored. This, how-
ever, is a linle pretentious in tone: perhaps the
analogy of a chess-board is better.

It §s sometimes said that formal mathematics is just
a complicated game, like an elaborate form of chess.
The objectives of this game are various kinds of
complerion: for example, problems are solved and
thearems are proved. Becoming good at mathe-
matics involves learning 1o achieve these ohjectives
and recognising when they are completed correctly.
A micro-world 15 a visually accessible and easily
manipulated arena in which this game can be

played.

The comparison with chess goes something like
this. Imagine trying to explain chess with no board
and mo pieces. A purely formal notation is used to
write dewn the mowes, the rules are described in
words, and somehow vou have 1o try to understand
when and how the game is complete. Until the
advent of computers, this is how we have been
doing mathematics. Now, computers provide us
with the hoard. This extreme view will not appeal
o everyone. But it is breathtaking to speculate that
future generations may ook back in amazement at
mathematics in the pre-computer age and at how
this most elaborate game was played without the
essential equipment.



Limitations of micro-worlds

Sometimes the boundaries of a micro-world are
plain 1o see, On other occasions it may take a long
time to fird these limitatons, In some cases we find
not so much lmitations a+ anomalies: the micro-
world turns out 1o have its own struciure and
properies which are not quite those of the system
that we expecied, or perhaps intended it o repre-
sent, There is a curions illustration of this in the
appearance of ambiguous arsd impossible ebjects in
3D-Logo [3]. These considerations raise the question
of whether it can ever be possible 10 create a
computer micro-world which  provides a sell-
contained, consistent and  complete systemn of
representing space ot number,

Any software can challenge ws to [lind some
applicatton which the authors did not envisage; and
we are especially delighted then if something weird
happens. Sometimes il may be not so much that the
micro-world is unsound: raher it may creaie a
whaole new system of its own. This is probably most
obvious I graphical work, but thege are numerical
illustrations o, especiaily when the omcome of &
procedure is particulasrly sensitive 1o rounding
errers and 1o the degree of precsion of the
arithmetic.

Of course, in any panicular situation, dever sofi-
ware designers will refine the facility so that we can
model and investigate the exact behavious of the
structure. Then we shall have to lind somerhing
else to thwart the system - and we will always be
able to do this,

Computer-generated proofs

The most disquieting aspect of the use of computers
in mathematics is not their limitations and inade-
quacies: indeed it would be somewhat consoling 1o
believe that no micro-world could ever provide a
complete, self-comained representation of number
or geomelry. What causes most unease is the notion
that some mathemaiical prool: can depend entirely
on the use of computers. The most quoted illusiea-
tior of this is the lour-colour theorem, but there are
many truths which we know only because of com-
puter procedures, For example,

2™~ 1 is prime.

Probably you Belicve this. You can be fairly sure,
oo, that no haman being has carried out ail the
calculations required 1o cenfirm it I T quote for
you ihe date and place that this result was checked

by computer, it will not upset you, but you will not
be thrilled by it either. And this is the point. Yoo
never expected this result to be wortderfied, 1 could
make it wonderful, if 1 could in a wo-or-three-line
thought-experiment, make it obvious. Then, you
might get cxcited, and start trying to apply my
thought-experiment 1o some more big numbers,
Unforiunately I cannat offer you the epporiunity,

Now ler's go back to the four-colour theorem. This
is a real let-down, We want a devern accessible
thought-experiment, like the procf of Ewlers for-
mula for polyhedra. Instead of this, we have an
inaccessible computer-based proof,

Computers have enormous influence on the access-
ibility of mathematics. They can give us a universe
within which to explore mathematics and make the
truth of mathematical statemenis obwious and
accessible 1o each of us in an individual way. Yet
they also allow mahematicians to create proofs
which are not {and never can be) acgessible 1w
anyone, Given the pervasive contemporary usage of
computers, it is clear that more and more new
aspecis of mathematics — new knowledge, ¥ vou
like, or mew wruths — are going to be computer-

peneraied,

It is worth reflecting thae the powerful new
methods provided by the formalist approach 1o the
foumdations of mathemarics in the early twentieth
ceniury did not generate accessible proofs. In the
work of Whitchead and Russell [4], a proal might
consist of pages full of srings of symbols pains-
1akingly transformed by careful rules of inference.
We might in some sense be reassured because
someone has set up the basic suwuwcture ol
mathematics in this way. But its real elfec on our
understanding is hardly more significant than that
of modern computer proots.

For those who continue 1o find exciternent and
enthusiasm in teaching and learning mathemanics,
proaf is an imporam part of the package, We need
1o ask oursclves why, We might memion aesihetic
aspects of proof, insight and elegance. We mighe
talk aboutl construcing prools, convineing ourselves
and oiber people, and making mathematical
knowledge our own, These matters have very linde
to do with axioms, rules of Inference and the
systematisation of mathematics. On the conRtrary,
our concern s almost entirely with thought-
CRPETIMETIES.

The delight which we find in such prools has

survived the stuliifying hand of formalism, and it
will equally survive the pressures of the Computer
age. Some mathemaridans will produce Computer-
generated proafs of new theorems, Others, how-
EVEL may use computer micro-worlds to provide
new, accessible prools of old thearems, In this way,
the theorems will become not just true but shvious
and wonderful,
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